We analyze the transverse-momentum spectra of strange hadrons produced in Pb+Pb collisions at the collision energy √ s NN = 2.76 TeV. Our approach combines the concept of chemical non-equilibrium with the single-freeze-out scenario. The two ideas are realized in the framework of the Cracow model, whose thermodynamic parameters have been established in earlier studies of the ratios of hadron multiplicities. The geometric parameters of the model are obtained from the fit to the spectra of pions and kaons, only. Using these parameters, we obtain an excellent description of the spectra of protons and the K 0 S , K * (892) 0 , and φ(1020) mesons. A satisfactory description is also obtained for the Λ, Ξ
I. INTRODUCTION
Thermal and statistical models of hadron production [1- 18, 20] have become the standard tools to analyze mean multiplicities of the particles produced in heavy-ion collisions. They have explained successfully the AGS [5] [6] [7] , SPS [8] [9] [10] [11] [12] [13] [14] , and RHIC [15] [16] [17] [18] [19] [20] data on hadronic abundances. Supplemented by the proper definition of the spacetime geometry and hydrodynamic flow at freeze-out, the statistical models allow us to describe the transverse-momentum spectra and other soft-hadronic observables [17] [18] [19] [20] [21] . Nevertheless, the recent LHC data on heavy-ion collisions show that the predictions of two popular versions of the statistical model (the chemical equilibrium model and the strangeness non-equilibrium model) give too large values for the kaon to pion ratio, (K + + K − )/(π + + π − ), and, especially, for the ratio of protons to pions (p +p)/(π + + π − ) [22, 23] . The recent fit [24] gives almost three standard deviations higher values for protons and anti-protons compared to the LHC data.
The pions, kaons and protons are the most abundant particles that are produced in heavyion collisions, therefore, this discrepancy is very uncomfortable for the thermal interpretation of hadron production. The problem with the correct description of protons is sometimes referred to as the proton puzzle [25] .
There have been two solutions to this puzzle proposed up to now. The first one is to use the UrQMD model to calculate the modification factors for each particle and then to use these factors in the equilibrium statistical model to account for possible discrepancies [26, 27] . A clear disadvantage of this approach is that adding a hadronic afterburner to a thermal model spoils the natural simplicity of the latter -the main aim of introducing thermal models was to gain a simple description of hadron production which does not refer directly to the aspects of microscopic dynamics. Nevertheless, using the kinetic model one can successfully attribute the modification factors to the baryon-antibaryon annihilation and other microscopic mechanisms which are taken into account by the UrQMD simulations.
The second solution to the proton puzzle has been achieved by assuming that statistical hadronization happens out of chemical equilibrium [28, 29] . An advantage of this approach is that it continues to use simple concepts of thermal approach not invoking directly to kinetic simulations. The mean multiplicities are explained by adding only two non-equilibrium parameters, γ q and γ s (the hadron abundances scale with γ q and γ s depending on the number of the constituent light and strange quarks within a hadron). It is worth mentioning that the chemical non-equilibrium approach offers also a possibility to calculate the modification factors studied within the UrQMD approach and to interpret them in terms of the non-equilibrium parameters. Such a calculation may form a link between two alternative explanations of the data.
Besides the problems with thermal interpretation of the hadron abundances at the LHC, one encounters also the problems with the hydrodynamic interpretation of the transversemomentum spectra of pions, kaons and protons, see Fig. 1 in Ref. [22] and Figs. 13, 14, 15 of Ref. [23] . The ratios data/model analyzed in Ref. [23] have a very characteristic convex shape. Quite a few hydrodynamic models are discussed in [23] : VISH2+1 [30] , HKM [31] , EPOS [32] and Krakow [33] 1 . All these models exhibit a deficit in the very low-p T region, with the largest effect of about 25-50% for pions in the most central collisions (c = 0-5%).
In the ultra-peripheral collisions (c = 70-80%), the models fail to reproduce the data at both the low and high transverse momenta. Similar features appear in the calculations presented in
Refs. [34] and [35] . This situation is quite surprising, as the hydrodynamic models are supposed to work at low momenta, let us say up to p T ∼ 2 GeV.
In our earlier paper [36] , we have shown that one can connect the proton puzzle with the anomalous behavior of the pion p T spectra and solve the two problems within the chemical non-equilibrium version of the Cracow single freeze-out model. Encouraged by the success of our approach, in this paper we extend our study to all measured hadrons including the recently measured strange mesons and baryons. Following the same procedure as in [36] , we take the values of thermodynamic parameters from Ref. [29] and find the model geometric parameters from the fit to the pion and kaon spectra, only. In the next step, with the same parameters we determine the spectra of other hadrons. In this work we show that this strategy leads to an excellent description of the spectra of p +p, K 0 S , K * (892) 0 , and φ(1020). A satisfactory description is also obtained for Λ, Ξ and Ω. Further improvement of the hyperon spectra may be achieved if we assume that they are emitted from a smaller, internal part of the system but still at the same chemical non-equilibrium thermodynamic conditions.
In [36] we analyzed the p T spectra of pions, kaons and protons in the most central, c = 0-5%, and semi-peripheral, c = 30-40%, collisions. In this paper we consider all centrality classes from the most central, c = 0-5%, to ultra-peripheral, c = 80-90%, collisions and all particles 1 We note that the Krakow hydrodynamic model cited in [23] is different from the Cracow freeze-out model used in our paper, although the former uses also the concept of single-freeze-out at the end of the hydrodynamic evolution. The paper is organized as follows: In Sec. II we introduce our approach based on the MonteCarlo version of the Cracow model as implemented in the THERMINATOR code [40, 41] . The parameters of the model are fixed by the fits to the pion and kaon spectra, which are described in Sec. III. The results showing the p T spectra of strange particles are presented in Sec. IV. The general discussion of our physics results in Section V and the two Appendices close the paper.
II. THE CRACOW MODEL
A. The freeze-out spacetime geometry
The starting point for our considerations is the Cooper-Frye formula. The hadron rapidity and transverse-momentum distributions are calculated from the expression
where dΣ µ = τ f rdr dη dϕ u µ is an element of the freeze-out hypersurface and u µ is the hydrodynamic Hubble-like flow at freeze-out
The parameter τ f fixes invariant time at freeze-out, τ
Hence, the freeze-out hypersurface may be conveniently parameterized with the help of three variables. In our case we use the transverse distance from the collision axis, r = x 2 + y 2 , the spacetime rapidity, η = 1/2 ln(t + z)/(t − z), and the azimuthal angle, ϕ = tan −1 (y/x). Since we consider a boostinvariant system, the integration over the spacetime rapidity η in (1) stretches from minus to plus infinity. On the other hand, the integration over r is restricted to the range 0 ≤ r ≤ r max , where r max defines the edge of a firecylinder. The quantities τ f and r max are the only two geometric parameters of the Cracow model.
The distribution function f (p · u) consists of primordial (directly produced) and secondary (produced by resonance decays) contributions. The decays are handled by THERMINATOR [40, 41] and include all particles and well established resonances. The primordial distribution of the ith hadron in the local rest frame has the form [42] 
Here g i is the degeneracy factor connected with spin, m i is the mass of the particle, Υ i is the particle's fugacity, and T is the system's temperature. The −1 (+1) sign corresponds to bosons (fermions).
The integration of the distribution function (3) over three-momentum gives the hadron density
Similarly, the integration of the distribution (1) over transverse-momentum gives the rapidity distribution dN/dy. In the Appendix A we show that the freeze-out geometry of our model implies the relation
Consequently, the knowledge of the thermodynamic parameters together with the rapidity density allows us to determine the system's volume per unit rapidity
As we shall see below, an independent experimental estimate of this quantity may serve us to reduce the number of independent geometric parameters of our model from two to just one.
B. Implementation of the chemical non-equilibrium
The fugacity factor Υ i is defined as
where µ Q , µ B , and µ S are the electric, baryon, and strange chemical potentials in the system, while Q i , B i , and S i are the electric charge, baryon number, and strangeness of the ith hadron [36, 42] . The chemical potentials are very small at the LHC energies. Therefore, for simplicity 3 ,
we set µ Q = µ B = µ S = 0 and obtain
The quantities N i q and N i s in (7) and (8) In typical calculations, the use of the parameter γ s does not lead to substantial modifications of other thermodynamic parameters, like temperature or volume, but helps to describe strange particles. The appearance of γ s can be explained, for example, in the so called core-corona model [44] [45] [46] [47] , where a superposition of two sources of particle production is taken into account: single nucleon-nucleon (NN) collisions and a fully equilibrated source.
The use of γ q > 1 (to our knowledge, introduced for the first time in [48] ) makes the freezeout temperature and/or volume smaller, because it influences the most abundant particles in the medium: pions are multiplied by γ We note, however, that direct comparisons of the chemical non-equilibrium models (i.e., the models with γ s = 1 and/or γ q = 1) with the lattice simulations is inappropriate, since the lattice simulations are done for full chemical equilibrium. Furthermore, the temperature of freeze-out may be not connected with the phase transition temperature -we expect only that the latter is higher than the former.
It is also worth emphasizing that the case with γ q = 1 and γ s = 1 is equivalent to the introduction of the non-equilibrium chemical potentials µ q /T = ln γ q and µ s /T = ln γ s through the relation
From Eq. which fuse into pions which subsequently condense [48] , see also [49, 50] . Nevertheless, using
Eqs. (8) and (9) we imply that there are only two parameters responsible for deviations from the standard statistical model -the corrections for all particles scale in the way corresponding to their quark content.
We note that the value of γ q used in Ref. [29] is equivalent to the pion chemical potential 
III. FIXING MODEL PARAMETERS -SPECTRA OF PIONS AND KAONS
Similarly as in our previous work [36] , we use the thermodynamic parameters of the NEQ SHM model determined first in Ref. [29] . In Ref. [36] we used the values of T , γ q , and γ s from [29] and determined the values of r max and τ f from the χ 2 fit to the spectra of pions and kaons.
In this work we adapt a simpler method -in addition to T , γ q , and γ s we use also the value of the volume dV /dy determined in [29] . The latter introduces a relation between r max and τ f , see Eq. (6), hence, we need to fit only one parameter, which we choose to be the ratio r max /τ f .
In multiple calculations we have verified that the use of T , γ q , and γ s from [29] together with the two-dimensional fit of r max and τ f leads to the same results as the use of T , γ q , γ s , and dV /dy from [29] along with the one dimensional fit of r max /τ f .
In order to analyze the centrality classes different from those studied in Ref. [29] and to facilitate the numerical manipulations, we use polynomial approximations for the functions T (c), γ q (c), γ s (c), and dV /dy(c). They are explicitly given in Appendix B. In practice, for the centrality class defined by the range c = c 1 -c 2 %, we use the values from the middle of the range, for example, we take T ((c 1 + c 2 )/2). Having determined the optimal value of r max /τ f for each studied centrality class, we use it to make predictions for the p T spectra of protons and other hadron species.
In Fig. 1 we show the centrality dependence of the temperature T used in NEQ SHM. The small squares represent the values taken from Ref. [29] , the dashed line (denoted as PLPR) is the interpolation of the results found in Ref. [29] , and the red line represents our approximation. In Fig. 2 we show the two analogous plots of γ q (c) and γ s (c) in the (a) and (b) panels, respectively.
In Fig. 3 we show the geometric parameters (a) and the volume per unit rapidity (b) for both the chemical non-equilibrium and chemical equilibrium models. In the EQ SHM version we fix the temperature to be the same for all centralities, T = 165.6 MeV, and fit both r max and τ f . In this case, once again we fit first the pion and kaon spectra only, and use the obtained parameters for all other particles. It is interesting to notice that although the geometric parameters are different for NEQ SHM and EQ SHM the volume per unit rapidity remains almost unchanged if we fix the centrality class.
The results of our calculations for pions, π This agreement is a strong argument in favor of the parametrization (2) of the flow at freezeout. On the other hand, the protons in central collisions are described only in NEQ, as we first good.
Comparing Figs. 4 and 5 one can check that the NEQ fit is much better than the EQ fit.
Moreover, in EQ SHM the demand of the best fit for pions and kaons bends pions up and kaons down at low p T . The proton spectra behave similarly to the kaon spectra. The protons are so much in anti-correlation with the pions, that a simultaneous fit of the low p T part of the spectrum of pions and protons in EQ SHM seems to be impossible.
The quality of the fit in NEQ and EQ is illustrated in Fig. 6 . The values of χ 2 indicate that NEQ SHM is three times better for central and semi-central collisions. Starting with the centrality of about 40%, the difference between NEQ and EQ SHM decreases while the values of χ 2 grow very rapidly. This behavior may be explained by the qualitative change of the spectra which are exponential in central and semi-central collisions and become well described by a power law in peripheral collisions.
IV. SPECTRA OF STRANGE PARTICLES
Another challenging test for the NEQ SHM model is a comparison of the model predictions with the data available for the p T spectra of strange particles. In order to verify the model we use the same parameters as those found in the study of pions and kaons. We do not present here go through the experimental points. We stress that it is very nontrivial that the fit done initially for π + + π − and K + + K − only appears so good also for p +p, K in our model experience too much flow 4 .
We have checked, that one can improve the agreement between the model predictions and the data by using the same freeze-out time and choosing a different maximum radius of the firecylinder for heavy strange particles. It changes their multiplicity which is proportional to the volume dV /dy ∼ r 2 max and the shape of the spectrum, that is sensitive to the ratio r max /τ f . The assumption of a smaller emission volume for Λ's and Ξ's (by 20%) and also for Ω's (by 30%) gives us a remarkable agreement, see Fig. 9 . With the reduced r max and other parameters unchanged, the model results agree with the experimental points even for Ω's measured at the highest measured centrality. To some extent, such an approach reminds the recent proposal of a two step freeze-out [72] .
Altogether, our results lead to the freeze-out picture shown in Fig. 10 . In the center-of-mass frame at z = 0, the freeze-out starts in the center of the fireball at the time τ f . Subsequently, it spreads out along the hyperbola [40, 41] 
The radius r = √ 0.7 r max (r = √ 0.8 r max ) determines the production range for Ω's and Ξ's (Λ's). All other particles are produced in the range ending at r = r max .
V. CONCLUSIONS
In this work we have analyzed the transverse-momentum spectra of strange hadrons produced in Pb+Pb collisions at the collision energy √ s NN = 2.76 TeV. In this way, we have extended our approach initiated in Ref. [36] where we studied pions, kaons, and protons, only. An additional new aspect of the present work is the complete analysis of the data collected at different centrality classes.
Our approach combines the concept of chemical non-equilibrium with the single-freeze-out scenario. To calculate the transverse-momentum spectra we have used the framework of the Cracow model with thermodynamic parameters established in earlier studies of the ratios of Therefore, our simultaneous description of K * (892) 0 's and φ(1020)'s confirms the validity of the single-freeze-out approximation. A satisfactory description is also obtained for Λ, Ξ and Ω in the low p T region. Further improvement of the hyperon spectra may be achieved if we assume that they are emitted from a smaller, internal part of the system but still at the same thermodynamic conditions. Our general conclusion is that the chemical non-equilibrium model with essentially one extra geometric parameter allows for a very good description of the spectra of all measured hadrons in heavy-ion collisions at the LHC energies. Since at lower energies the spectra were very well described by the equilibrium model with γ q = 1 [43] , it may suggest a new physics mechanism of particle production at the LHC.
